LectureVII
Linear Constraints

I. Linearly Congtrained Equdlity
A. The generd programming problem discussed in the previous lecture:
max f (X)
s G(x)=b
can be restructured into the linearly constrained equdity problem by
max f (X)
s Ax=h
B. Mathemdicaly one such problem is the portfolio choice problem where an
individua minimizes the variance of an investment portfolio subject to an income
condraint:
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1 Mathematically, solving this sysem is based on the null-space of the
income condraint. In this case, setting the level of x, through x4
determinesthe leve of x;:

We could subgtitute for this equdity into the origina objective
function
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reducing the multivariate constrained problem to a multivariate
uncongtrained problem. However, this scenario becomes impractica
as the number of equations and variables grow.

C. Ancther way to concelve the problem is by the forma definition of the null space.

1 What we want to do isto develop aformdized way of making the
datement that p=(X- X) impliestha AX=b and AX=b.

2 Thus, AX=AR impliesthat A(X- ®)=0 orthat Ap=0. The
collection of al such vectorsis referred to as the null space.

3. Specificaly, let the columns of matrix Z form abass then AZ=0

defines the null space
D. Inthiscase, we need to modify our concept of the neighborhood.

1 Previoudy, we were interested in any projection around X, thus
X=X +p.
2. Now, we are only interested in those points that maintain feasibility.

To accomplish this, we begin with a projection (or perturbation) in
the same dimension asthe null space. This perturbation is then
mapped into the general space using the null space bass. Thus, the
st of feasible x’ s becomes x=x" +Zp.
3. The second order expansion of the function then becomes
fx)=f)+N f (x*)z|o+}/2 p'Z'N2f(X)Zp.
Agan usng the mechanics for a maximum, we have that
fo)- f(x)=N,f(x)Z p+% pZ'N2f (X)Z pEO
for any p. Hence, we derive the first necessary condition for a
maximum thet
N, f(x)Z=0
which states that the projected gradient is equa to zero at optimal.
Smilarly, the second order necessary condition for an optima
becomes
Z'N2 f (x") Z is negative definite.
E. Uncongraned Optimization-Necessary Conditions
1. ‘Nxf (x*)H:OOr X isadationary point.
2, NZ f (X') is negative semi-definite.
F. Uncongtrained Optimization-Sufficient Conditions

1. ‘Nxf (X)H =0 or X isadaionary point.
2, NZ f (X) is negative definite.

G. Linearly Congrained Optimization-Necessary Conditions
1. AX" =b or the point isfeasible.
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2. ‘Z(NXf (x* )H =0 or the projected gradient is zero. Also equivaently
N, f (x)=A" where | " isthevector of shadow values.
3. Z&, f(X)Z isnegative semi-definite
H. Linearly Constrained Optimization-Sufficient Conditions
1. AX" =b or the point is feasible.
2. ‘Z(Nxf (x* )H =0 or the projected gradient is zero. Also equivaently

~

N f (x) = A" where | * isthe vector of shadow values.

3. Z&:, £ (X)) Z isnegative definite
I1. An Applied Example
A. Using datafrom Levy and Sarnat, the variance matrix in the above problem can be set

as
a®2441 45852 20222 13322

45852 76129 452.99 72.55:

w= ¢202.22 452.99 49011 109.09°

8135.22 7225 109.09 284.175

1. Next, imposing two condraints, the first for income and the second for
portfolio balance:
8119 x, +11366 x, +6.298 X, +8.014 x, = 7.000
X, + X, + Xs + X, =1000 °
2. Using Quadraticl.f and Quadratic1l.SPECS available on the network, the
optimum portfolio of
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a Summing the vector of X’ swe see that the sum is 1.0 and the
expected returnis 7.0. The necessary conditions for optimality
then become the projected gradient and hessan matrices. The
null space matrix for the condraint set is

o 86287 0.0000 ¢

¢ 22195 - 271782
276340534 - 530893+
300383 802675 y
b. The gradient vector evauated athe solution is
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5d37.7145
$388076.
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N 00 =¢ 467510+

£4406169
C. The projected gradient then becomes

Z'N, f (x)=(.0036136 - 00288491)



