Quasi-Newton Methods: Conjugate Gradients

Given the first order Taylor series expansion, we know that
Vel (zp + sp) = Vo Fxg) + Vi, Fzr)se
for s € N(ay,6). This expression yields
Vel (zp + sp) — Vo F(xg) = Vi, Fzp)sk

which yields
Sk(vxF(xk + Sk) — vxF(SL‘k)) = SkvixF(xk)Sk

This indicates that sp(VeF(xr + sp) — Vo F'(2)) contains the same curvature informa-
tion as the original Hessian. This forms the Quasi-Newton curvature restriction that the
approximated curvature along the step equal the actual curvature. Setting

Y = VxF(:ck + Sk) — VxF(:ck)

this amount to )
yr = VigF(zpy1)se

Yr = Bryisg.
If

Byy1 = By + uv’

yr = (B + uv’)sy
Thus,
u(v'sy) = yp — Brse
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By = By + (yr — Brsp)v'

v'sp

The simpliest construction which maintains symmetry is

Bry1 = Br + (yr — Brse)(ur — Brsi)'.

(yr — Brsk) sk

Other than the simple update, no vector v will satisfy the restriction of symmetry.
One alternative is start with a nonsymmetric matrix B(Y) and generate B(2) by

B %(Bu) + B

The sequence of this replacement taken to the limit yields

(ye — Brse)'sp
(v'sp)?

Bry1 = Br + ((yr — Brse)v' + v(yr — Brsg)) —

v'sp



To prominent conjugate gradient formulations involve setting v = y yielding the Davidon-
Fletcher-Powell (DFP) update:
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By = By —
57, By sy, Uk Sk
where 1 1
wy = — - By sy,
Yy Sk s, Br s

And the Broyden-Fletcher-Golfarb-Shanno (BFGS) update

1 1
Bisgpsy By + ——yr vy,

Bry1 = By —
s, B sy Y. Sk




