Lecture VI: Differentiation

Differentials
A. Power Function
1. Generalized power function

d _
—cx" =nex"?
d

X
2. In general
lim c(X+AX) —cx _ Iim{(x+Ax) —X }
Ax—0 AX Ax—0 AX
:C“m[(x+Ax) —X }
Ax—0 AX
=cnx"*
3. Note for a general function
ic f(x) = lim ¢ f (x+Ax)—c f(x)
dx Ax—0 AX
_im c{ f(x+Ax)- f (x)}
AXx—0 AX
_clim f (x+Ax)— f ()
Ax—0 AX

=c f'(x)
Exercise 111.B.1 Exercise 7.1 problem 2 page 159
B. Rules of differentiation involving two or more functions of the same variable.
Assume two functions f (x) and g(x) are individually differentiable at x .

1. Sum and Difference Rules

L1 (028(0] =51 (02 -0()

Reason
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d [ f(x+ax)xg(x+ax)]-[ f(x)£g(x)]
f(x)+ ] lim
dx Ax—0 AX
i [ £ (x+ax)—f(x)]£[ g(x+Ax)-g(x)]
AXx—0 AX
_im f(x+Ax)—f(x)ig(x+Ax)—g(x)}
Aan_ AX AX

:m_ f (X+A;2— f (X)}iﬂ%{g(xwzz—g(xq

— (%) 0'(x)
a. Examples
(i) f(x)=x'= f'(x)=4x°
(i) f(x)=2x= f'(x)=2
(i) f(x)=2x? 3x+4:>f( )=4x-3
(iv) f(x)=x"=0.6x"
(V) f(x):—3:> f(x)=x"= f'(x)=-3x"

2. Product Rule

STH900]=F(x)a(x)+ F(x)g'(x)

Reason

f (x+Ax)g(x+Ax)— f (x)g(x)

= lim
A0 AX

im f(x+Ax)g(x+Ax)— f(x)g(x)+[ f(x+Ax)g(x)- f(x+AxX)g(x)]
AXx—0 AX

i [ f(x+Ax)g(x+Ax)— f (x+Ax)g(x) ]+ f (x+Ax)g(x)-f(x)g(x)]
ax—0 AX

_lim [ f(x+AX)g(x+Ax) - f (x+Ax)g(x)+ f(x+Ax)g(x)- f (x)g(x)}
Ax0| AX AX

e R e e O

= 1(x)9'(x)+ f'(x)9(x)

By extension

%[f ()g()h(x)]=F'(x)g(x)h(x)+ F (x)g'(x)(x)+ f (x) g (x)N'(x)
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a. Examples
i) f(x)=x*(x+4)= f'(x)=2x(x+4)+x’
i )
=2x% +8x+ x* =3x* +8x

Note that f (x)=x*+4x* = f'(x)=3x"+8x.

f(x):(x;4) =(x+4)x7
= f'(x)=x7+(x+4)(-2x"
i ()=x7+(x+a)(-2x)
=x?-2(x+4)x?°
x—2(x+4)
:T
b. Take an average revenue function: AR - Average Revenue,
MR - Marginal Revenue, and TR - Total Revenue
AR = f (q):%

TR=AR-q=f(q)-q
MR = TR = [ £(a)-0]
=f'(q)q+ f(q)
MR- AR = f'(q)q+ f (q)- f (q)




AEB 4511 — Mathematics for Food and Resource Economics Lecture VI
Professor Charles B. Moss Fall 1988

TR=AR-q=(15-q)q

=150-¢°
MR :i(15q -q°)
dq
=15-2q
MR = AR+inR :(15—q)+qi(15—q)
dq dq

=15-q+q(-1)
=15-2q.
3. Quotient Rule
d ) Fe(x)-f(x)a'(x)
dx g(x) g(x)z
Exercise 111.B.2. Exercise 7.2 problems 2 and 3 page 169
a. Examples
d (2x-3) 2(x+1)-(2x-3)(1)
&( X+1 j_ (x+1)2
_2X+2-2x+3 5

(x+1)2 (x+1)2

i(axz +b] _ (2ax)(cx)—(ax2 +b)(c)

(i)

dx| cx c’x?

_ 2acx® —cax’ —cb

(ii) ¢’
_acx’ —ch
c’x’
_ax’-b _a b
o ¢ oo

b. Average and Marginal cost: AC - Average Cost and MC -
Marginal Cost.

ac =S
q
i(C(Q)J:C'(q)q—C(q)
dg q°
1y C(a)
—a{c (q)_T}
:%[MC—AC]
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Therefore average cost is minimized when the average cost
equals the marginal cost:

Q) If cmp@:i(c(q)j 0

dq\ ¢
(i) If c'(q)<C(q):>i(C(q)j<o
qa dgl q
MC




