Lecture V: Continuity and Differentiability

l. Differentiation and Continuity
A. Review

1. Continuity condition

lim f (x)=f(x)
2. Differentiability condition

f Ax)— f
_ lim (x+Ax)— f (x)
Ax—0 AX
B. Continuity is a necessary condition for differentiability (but not sufficient)

f(x)=y

letx, =N

X + AX =X

x — N becomes analogousto v— N .
1. Iirn f(x)=f(N) {Continuity}.

2. f’(N): IimM {Differentiability condition}. We want to
x—>N X—N

show that (1) follows from (2).

f(x)—f(N):W(x—N) where x = N by definition of

the limit. From the left side of this equation

lim[ f(x)=f(N)]=lim f(x)-f(N)

Xx—>N

From the right side of equation 3
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IimKMJ(X—N)}:IimMIim(x—N)
x—>N X—N x—>N X—N x—>N
= £ (N){fim x-fi N
= f'(N)(N—N)zO

f(x)—f(N
solim f (x)— f (N)=0if IimMEI
x—N x—>N X — N
Or the function is continuous at x if it is differentiable at x.
Exercise I11.A.1 Exercise 6.7 problem 4.

I1.  Rules of Differentiation and Comparative Statics
A. Rules of one variable
1. Constant function

Y= (x)=b = fimg L)~ (X)

dx ax->o0 AX
_him 222 g
Ax—0  AX
Intuition: If a function is a constant then it never changes with a
change in the independent variable. Economic application — Fixed
cost.

)
dC(Q) _ 4G, (Q)  dC.(Q)
dQ dQ dQ
dC(Q) _dc, (Q)
dQ dQ
dC (Q)
dQ

The marginal cost of production doesn’t depend on the fixed cost. The

optimal production level does not depend on fixed cost in the short-
run.

2. Power function

=0.

n n
B o (x+AX) —x
y=1(0=x"= fim S
First, let’s generalize the polynomial
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(X+y)=x+y
(x+y) =x2+2xy+y>?
(x+ y)3 =X +3X°y +3xy* + y°
(x+y) =x* + 4y +6x2y? +4xy° +y*
(x+y)' =2

In order to determine the general case, we introduce the combinatorial

[

{The number of combinations of different things taken b at a time}.
For example in a lottery draw 6 numbers out of 49

49))  49.48-47-46-45-44-43!

(ej_ (6-5-4-3-2-1)(49-6)!
_ 49-48-47-46-45-44 1,006835E +10
~ 6.5-4.3.2.1 720
=13,983,820

Using the combinatorial formulation

ey =3 ey

i—o \ I

Taking n=4as an example

(x+y)'= imX‘“y‘

i—o \ |

= 4 X4y0: 4I X4:X4
0 01(4-0)!
2T Y -
- = —4
) Ty T Y
A, AL, 432 12,5,
. L =22x%y? =6
“2)" Tyt Ty 27 T
A o | R
- =2y
“13)" T3 T Y
43 o 4_ 41 . 4 4 _ 4
“la)" Tamay? T 7Y
404 o
(x+y)' :Z(ijx‘“y' = X' +4x°y +6x°y” +4xy* + y*
i=0
Note:
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nJ: | n! | n-(n—l)!_n

i(?jx y' = x"+nx" y+zn:(r|]jx”iy‘
i i=2
n(n o
— Xn + an—ly + yzz( I anIyIZ
i=2
Let y=Ax=> f(x)=x", f (X+Ax)=(x+Ax)"

i=2

X4 X" (A%) + (AX)’ zm X" (M%) 2 -

i=2

f (x+Ax)— f(x)

lim = lim
AX—>0 AX Ax—0 AX
= lim nx"* +(Ax)zn: "y (Ax)if2 —X"
AX—0 =i
— nxn—l
3. Generalized power functions
d _
—cx" =nex"™
dx

Exercise I111.A.2 7.1 problem 2 and 3 p. 159.



