Lecture IV: Limits and Differentiation

I. Review of Inequalities and Absolute Values
A. Rules of inequalities
1. Inequalities are transitive
a>b,b>c=a>c
a>b,b>c=a>c
Continued inequality

a>b>c
a>b>c>d
2. Rules
a. Rulel: a>b=azk>bztk
ka>kb(k>0)
b. Rulell: a>b=>
ka<kb(k<0)

c. Rulelll: a>b=a’>b*(b>0)
B. Absolute Values and Inequalities
X|<ne-n<x<n (n>0)
1. Properties
a. |m[+|n[=|m+n|, m and n may have different signs
b.  [m[|n|=]|mn|
C. Solution of an inequality
3X—-3>x+1
1. 2x>4
X>2
1-x<3
5 -3<1-x<3
—4<-x<2
4>x>-2
[1.C.2 Exercise 6.5 problem 1 and 2 p. 144.

Il. Limit Theorems
A. Theorem I: If g=av+Db then

limg=aN+Db

v—>N

where a and b are constants.
B. Theorem II: If q=g(v)=b then

limg=>b

v—>N
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C. Theorem IlI: If g =V then Iirnq: N.If g=V* then Iirnq: N¥.
D. Theorems involving two functions with
Iirn ¢, =L and Iirn q, =L,
with both L, and L, finite.
1. Theorem IV: Iirn(qlirqz) =L *L,.

2. Theorem V: Iirﬂ(qlqz)z LL,

I1.C.3. Exercise 6.6 Chaing problem 1,2,3.

I11. Continuity and Differentiability of a function
A. Continuity of a function.
1. For a function to be continuous it must have three properties at N .

a. The point N must be in the domain of the function (g(N) is

defined).
b. The function must have a limitas v— N :
lim g (v)3.

c. The limit must equal the value of the function
limg(v)=g(N)

imo(y) 3

g(N) 3
butlimg(v)=g(N)

v—>N

~

B. Polynomial and Rational Functions
1. Polynomial functions are continuous at every point in their domain.
2. Rational functions are continuous at every point that is in the functions
domain.
VVi—dv-4
v —4
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Is continuous except where v =+2which are not in the function’s
domain.
C. Differentiability of a function
1. Continuity condition

lim f (x)=f(x,)

X—>Xo

2. Differentiability condition
£(x) = lim Y

Ax—0 AX
3. Continuity is a necessary condition for differentiability (but not
sufficient).
X, =N }:>AX:XO+AX—X0
Xy + AX =X Ax=x-N
X — N becomes analogousto x — N .
a. 1Lrn f(x)="f(N).
b. f’(N)inmM.
x—N X—N
c. We want to show that a follows from b.
f(x)-f(N) :
d. f(x)—f(N)zﬁ(x—N) with x=N by the
definition of the limit.
lim[ f (x)—f(N)]=1lim f (x)- f (N) since f (N) is a constant

I LCSTOY A TR
= () {timx—n)

“lim £ (x)- f (N)=0if IimLL(N)H.

x—N x—>N X —
4. Although differentiability implies continuity, the reverse is not true
q=f(x)=[x-2]+1



